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We describe new constructions of the infinite-dimensional representations of U(g) 
and U q (g) for q being gl(N) and sl(N). The application of these constructions to the 
quantum integrable theories of Toda type is discussed. With the help of these infinite- 
dimensional representations we manage to establish direct connection between group 
theoretical approach to the quantum integrability and Quantum Inverse Scattering 
Method based on the representation theory of Yangian and its generalizations. 

In the case of U q (g) the considered representation is naturally supplied with the 
structure of U q (g) ® ^((j)-birnodule where q is Langlands dual to g and logq/2iri = 
— (log q/2m) . This bimodule structure is a manifestation of the Morita equivalence 
of the algebra and its dual. 
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1 Introduction 



Since the early days of quantum mechanics, the representation theory plays the important 
role as a succinct tool to describe and explicitly solve quantum theories. On the other hand, 
the problems in quantum theories serve as a source of the new ideas in representation theory. 
The most notable recent example is the emergence of the notion of the quantum groups P , 
[2j from the algebraic formulation of the Quantum Inverse Scattering Method (QISM) [2], 

ED 

In this paper we describe several constructions in representation theory of classical and 
quantum groups inspired by our studies of the simple quantum integrable models. Our start- 
ing point was the desire to understand QISM in more standard representation theory terms. 
It was a surprise that one should instead invent the new constructions in the representa- 
tion theory. It is well known to experts in integrable systems that there exist distinguished 
coordinates in which the description of the quantum system, although non trivial, is dras- 
tically simplified. Mult i- dimensional nonlinear spectral problems are reduced to the one 
dimensional case and the solution of the quantum theory may be constructed explicitly. The 
recent interest in this approach initiated by Sklyanin [S] leads to an explosion of activity 
connected with a search of the explicit transforms to such coordinates. This Separation of 
Variables method (SoV) may be considered as an extension/generalization of QISM. 

It was shown in j^J, [7j that the separation of variables in the modern form has a clear 
group theoretic meaning and goes back to the natural parameterization of the regular group 
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elements of the non-compact groups. This leads to the new construction of the representa- 
tions of the universal enveloping of the Lie algebras in terms of the difference operators. A 
certain particular case of this construction leading to the finite dimensional representations 
turns out to be the well known Gelfand-Zetlin recursive construction of the representations 
of classical groups 0,0, [ID] ■ 

The explicit connection with the QISM approach appears through the closely related 
construction of the representations of the Yangian. Namely, let g be the Lie algebra flt(iV) and 
let Y(g) be the Yangian [TT]. There is a natural epimorphism n N : Y(g) — > U(g) compatible 
with the representation in terms of the difference operators. The constructed representation 
of the Yangian turns out to be a manifestation of the simultaneous existence of the RTT-tjpe 
realization and Drinfeld's "new" realization jT^j. The distinguished maximal commutative 
subalgebra of the Yangian is a key ingredient in the explicit connection between these two 
constructions and may be described by the set of the commuting operators A n (X) ,n = 
1,...,N. In the special class of the representations A n (X) act as polynomials in A. The 
zeros of these polynomials provide the variables appearing in SoV. On the other hand, 
these variables are exactly the variables that appear in our generalization of Gelfand-Zetlin 
construction. Note that Drinfeld's "new" realization is known for the Yangian of an arbitrary 
simple Lie algebra and the generalized Gelfand-Zetlin construction of the representation of 
gl(N) may be naturally extended to the case of the general simple Lie algebra. 

There is a further generalization of the construction providing the explicit infinite- 
dimensional representation of the quantum group U q (o) for g = gl(iV), sl(N). However, 
a new essential phenomenon appears in this case. The infinite-dimensional representations 
of U q (o) are naturally supplied with the structure of U q (g) <8> L^(g)-birnodule where g is 
Langlands dual to g and logq/2ni = — (log q/2-Ki)^ 1 (for the preliminary results in these 
direction see [T3], [Ej, We give explicit construction of this bimodule structure and 

show the natural appearance of the Langlands dual for U q (g), when g = gl(N),sl(N). Note 
that in this paper we essentially use various rational forms of the quantum groups (see pE] , 
[T7] and references therein). Thus, the Langlands dual to the minimal ("adjoint") rational 
form of U q (sl(N)) turns out to be another form of U q (sl(N)) in accordance with the fact 
that the Langlands dual to PSL(N) is SL(N) for the classical groups. Further study shows 
that the appearance of the Langlands dual in this construction is not accidental and is a 
manifestation of the Morita equivalence of certain two algebras naturally associated with 
U q (o) and U q (o) (compare with [TH], [HI])- This formulation appears to be very close to the 
initial problem of the classification of the irreducible representations in the decomposition of 
the regular representation of the group G in terms of the dual group G [20]. We are planning 
to discuss this construction in full details elsewhere. 

The plan of the paper is as follows. In section 2 we review the part of [0] concerning the 
analytic continuation of the Gelfand-Zetlin construction to the case of Whittaker modules 
of U(qI(N)). An explicit description of a Whittaker module is straightforward as soon as 
we have an explicit expression for the cyclic Whittaker vector. In section 3 we generalize 
this construction to the case of quantum groups. The structure of U q (g) <8> 6^(g)-bimodule 
and its connection with Langlands duality is shortly discussed. In section 4 we demonstrate 
the connection with SoV and QISM and describe the applications to the quantum integrable 
theories of Toda type. 



3 



The results of these paper are based on the work that was done for the past few years 
by the ITEP group in Moscow and was reported in the series of papers [2JJ, [22], [23] • [To] . 



Acknowledgments: The research was partly supported by grants CRDF RM1-2545- 
MO-03; INTAS 03-513350; grant 1999.2003.2 for support of scientific schools, and by grants 
RFBR 03-02-17554 (A. Gerasimov, D. Lebedev), RFBR 03-02-17373 (S. Kharchev). We 
are grateful to M.Kontsevich, and M. Semenov-Tian-Shansky for their interest in this work 
and we are grateful to A. Rosly for useful discussion. D.L. is also grateful to IHES for 
warm hospitality and to organizers and participants of the ICMP workshop in Faro for the 
creation of the stimulating atmosphere. D.L. thanks to 21 COE RIMS Research Project 
2004: Quantum Integrable Systems and Infinite Dimensional Algebras, where the paper was 
finished, for support and warm hospitality. 

2 Whittaker modules in the Gelfand-Zetlin represen- 
tation 

2.1 The representation of U(qI(N)) 

Let us remind the construction of the paper [U], where an analytical continuation the Gelfand- 
Zetlin (GZ) theory to infinite-dimensional representations of the universal enveloping algebra 
U(qI(N)) was introduced. 

Let Tfr be an associative algebra generated by %j, (3^j , n — 1, . . . , N — 1; 1 < j < n, and 
Inj , 1 < j < A, subject to the relations 



Theorem 2.1 Let E nm , n,m — 1, . . . , N be the generators of gl(iV). The following explicit 
expressions defines the embedding n: gl(N) T h 



['Try, Tnii] Prnl] , 

[13 mh lnj\ = ifrfimnSljPml ■ 



(2.1) 




n 



n-1 



,N) 



(2.2a) 



n+l 




n 



n(7 nj 7n+l,r 2 / 



n-1 




n 



II {%j - ln-X,r + f ) 
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Let us consider the following natural representation of the quantum torus T^: 

%j = 7ni e C , n = l,...,N, l<j<n, 

lft a (2-3) 
fa = e a '<^ , n = 1, . . . , N - 1 , l<j<n, 

±ih—S— 

where 7 n j and e dln ^> are considered as operators acting on the space M of meromorphic 
functions of complex variables j n j, n = 1, . . . , N — l, 1 < j < n. The remaining 7^1, . . . , 7ivjv 
are considered as constants. Thus the complex vector 7^ = (7^1, • ■ • , 7aw) plays the role of 
a label which determines the above representation. 

Let Z(gl(n)) be the center of U(gl(n)). We say that a f/(gl(n))-module V admits an 
infinitesimal character £ if there is a homomorphism £ : Z(gl(ri)) — > C such that zv = £(z)v 
for all z E Z(gl(n)),v G V. It is possible to show that the f/(g[(iV))-module M defined 
above admits an infinitesimal character and each central element of U($l(n)) acts on M via 
multiplication by a symmetric polynomial in the variables 7 nj 

In the next subsection we calculate the explicit action of the central elements on M using 
the notion of Whittaker vectors. 



2.2 Whittaker modules 

Let us now give a construction for Whittaker modules using the representation of U(qI(N)) 
described above. We first recall some facts from [21]. 

Let n + and n_ be the subalgebras of gl(N) generated, respectively, by positive and 
negative root generators. The homomorphisms (characters) x+ : n + ~ * C, x~ : n - ~^ C are 
uniquely determined by their values on the simple root generators, and are called non-singular 
if the (complex) numbers x+{En,n+i) an d X-(En+i,n) are non-zero for all n = 1, . . . , N — 1. 

Let V be any U = £/(g[(iV))-module. Denote the action of u E U on v E V by uv. A 
vector w E V is called a Whittaker vector with respect to the character x+ if 

E n>n+1 w = x+{En,n+i)w , (7l = l,...,JV-l), (2.4) 

and an element w' E V is called a Whittaker vector with respect to the character X- if 

E n+lin w' = X -(E n+1;n )w' , (n = l,...,N-l). (2.5) 

A Whittaker vector is cyclic for V if Uw = V, and a [/-module is a Whittaker module 
if it contains a cyclic Whittaker vector. The [/-modules V and V are called dual if there 
exists a non-degenerate pairing (. , .} : V x V — > C such that (Xv',v) = —(v',Xv) for all 
v E V, v' E V and X E gl(N). 

We proceed with explicit formulas for Whittaker vectors corresponding to the represen- 
tation given by l|22j) . (Q. 

Proposition 2.1 T7ie equations 

E n+ i >n w' N = -ih~ l w' N , (2.6) 
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E n>n+1 w N = -ih 1 w N (2.7) 
for all n = 1, . . . , N — 1, admit the solutions 

w' = 1, 



e " =1 3=1 }]_ s n ( 7n , 7n+1 ), 



n=l 



n n+1 -. 
I \ TT TT fc 22ifcz2n±li2i + I -p / Ink 1n+l,m . 1\ /o nN 

Sn(7n.7n+l)=llll ft iR 2 r ( i/T~^ ( ^ 

fc=l m=l 

( For the proof see [§].) 

The solutions ()2.8|) . ()2.9|) are not unique. Indeed, the set of Whittaker vectors is closed 
under the multiplication by an arbitrary ift-periodic function in the variables j n j. Hence, 
there are infinitely many invariant subspaces in M corresponding to infinitely many Whit- 
taker vectors. 

To construct irreducible submodules, let us introduce the Whittaker modules W and 
W, generated cyclically by the Whittaker vectors w N and w' N , respectively. An explicit 
description of a Whittaker module is straightforward as soon as we have an explicit expression 
for the Whittaker vectors. Namely let m n = (m n i, . . . , m nn ) be the set of non- negative 
integers. The Whittaker module W = U w N is spanned by the elements 

N-l n 



.i=nn^(* (2.io) 



n=l k=l 

where (7 n ) is the elementary symmetric function of the variables 7 ni , . . . , 7 nn of order k 

Vkiln) = Yl 7nji---Jnj k - (2.11) 

ji<—<jk 



Similarly, the Whittaker module W = Uw' N is spanned by the polynomials 

N-l n 

-i=nii ff * n *(^)- ^ 



w 



n=l k=l 

The Whittaker modules W and W are irreducible. 

Let us note that for any subalgebra U(gl(n)) C U(gl(N)), 2 < n < N, the module over 

n-l i 

the ring of the polynomials in j n with the basis ]~f [ [ a™ lk ("Yi)w N is a U(gl(n)) Whittaker 

1=1 fc=i 

module. One can calculate the explicit form of the action of the central elements of U (gl(n)) 
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on the space M. It is well known that the generating function A n (X) of the central elements 
of U(gl(n)) (the Casimir operators) can be represented as follows |23] : 



signs (A — ihpf')5 s {i)^i - iHE s (i) t i ... (A - ihp^)5 s ^ jn - ihE s ^ n)t 



S&S n 



(2.13) 



where p£ = |(n — 2k + 1), k = l,...,n and the summation is over elements of the 
permutation group S n . It can be proved jH] that the operators (|2.13j) have the following 
form on a space of meromorphic functions M: 

n 

M*) = I[( A - (n = l,...,N). (2.14) 

i=i 

It remains to construct a pairing between W and W 7 , and to prove that the Whittaker 
modules W and W are dual with respect to this pairing. Let G W 7 and ip G VF. Define 
the pairing (.,.): W (8 1¥ ->• C by 

» N-1 

(m)= I ^0(7)0(7)^(7) (2.15) 



N(N-l) 
R 2 

where 

AT-l 

^o(7) = 11 11^ - lnr)(e— - e— ). (2.16) 

n=2 p<r 

The integral (|2.15|) converges absolutely (See for the proof 0). 

To construct the pair of the dual Whittaker modules, we should restrict the label of 
representation to the real values: 7^ G R . Then the Whittaker modules W and W will 
be dual with respect to the pairing defined by (J2.15|) . That is for any G W and if} G W, 
the generators X G flt(iV, E) possess the property 

(0,X^) = (2.17) 

This property will be important in the derivation of the wave function in Section 4. 



3 Construction of the representation of U q (o) 

In this section we outline an extension of our approach to the quantum groups. We start 
with the construction of the embedding of U q (g) in the product of a commutative and non- 
commutative tori. The skew field of fractions constructed from U q (g) coincides with the 
functions on the product of the tori invariant under the product of the symmetric groups. 
Then we describe explicitly the structure of U q (g) £g> Uq(g) bimodule. 
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3.1 The rational forms of U q (o) 

We start with the definition of the quantum groups following JH] > \U\ ■ Let q be an indetermi- 
nate, and let C(g) be the field of rational functions of q with coefficients in C. The associative 
C(g)-algebra U q (gl(N)) is generated by the elements , E nm ;n ^ m;n,m = 1, . . . , N 
subjected to the relations 1 : 

K K~ l = K~ X K =1 K K = K K 

K F! -, — n <>nm-Sn,m + l p 

J1 nn iJ m,m+l- ll nn y J - / m,m+l > 

IT p n 5n,m+l—$nm p (3.1) 

il rm 17 m+l,m il nn " - L/ m+l,m i 



-E n ,n+l-E m +l,m -^'m+l,m-^'n,n+l "n 



q-q 1 



together with quantum analogues of Serre relations 

£'n,n+l£'m,m+l — ^tn.m+l^n^+l = , VTl ^ U ± 1 , 
^n,n+l^n+l,n+2 ~ (<? + 1 1 )-En,Ti+l£'n+l,n+2-En,n+l + ^'n+l,n+2-£'n,n+l = ' (3.2a) 
^n+l,n+2-^n,n+l — (<7 + <? 1 )^n+l,n+2^n,n+l-E'n.+l,n+2 + ^^+1^+1^+2 = J 

En+l,nEn+2,n+l — (<? + <? l )E n+ i^ n E n+ 2 y n+\E n +l,n + -^n+2,n+l-E'n+l,n = ^ > (3.2b) 
E n +2,n+lEn+l,n ~~ ((? + 9 )-^n+2,n+l-£'n+l,n-£'n+2,n+l + ^'n+l,n-E'n+2,n+l = ^ ' 

We will also need the explicit description of the quantum group t/ 9 (s[(A^)). Note that 
there exist various rational forms of quantum groups [TC| , [T7]. In the case of U q (sl(N)) we 
have the following description. Let a nm = 25 nm — 5„ im +i — # n +i,n be the Cartan matrix of 
sl(N). Let Q and P denote the root lattice and the lattice of weights, respectively. The 
smallest rational form, the adjoint rational form U®(sl(N)), is the associative C(g)-algebra 
with generators E n , F n and K^ 1 ,n — 1, . . . , N — 1, and relations 

K n K~ x = K~ x K n = 1 , K n K m = K m K n , (3.3a) 

K n E m K~ l = q a -E m , K n F m K- 1 = q- a ™F m , (3.3b) 

K - K^ 1 

P P __ p p — X n n (o A\ 

q-q 



1 We will not use the Hopf structure of the quantum groups and, therefore, we omit the comultiplication 
formulas in what follows. 
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l—a n 



r=0 

1 Q-nm 



Em: 



r=0 



1 Q"nm 

r 

1 Q>nm 

r 



E 1 n - a ™- r E m E r n = J iin^m, 



(3.5) 



1 1 &nm T 



Here we have used the standard notations 
m 



n 

l<j<m 



q 3 — q 3 
q-q- 1 



(3.6) 



The largest C(g)-algebra, the simply-connected rational form U q (sl(N)), is obtained by ad- 
joining to U®(sl(N)) the invertible elements L n , n — 1 . . . , N — 1, such that K n = \\ m L°^ n . 
The relations ()3.3b|) are now replaced by 



L n E m L n l — q nm E rn , L n F m L n 1 — q nm F 1 



(3.7) 



Denote by M any lattice such that Q C M C P. A general rational form C/r (g) is obtained 
by adjoining to £/^(g) the elements Kp. = Ylj L™ H3 for every = J2j m ij^j e ^> where 
Aj are the fundamental weights. Note that various rational forms have interesting 
applications to the construction of quantum integrable systems of Toda type. 



3.2 U q (o) in terms of the quantum tori 

We start with the definition of quantum torus algebra T q . Let T q be the associative C(g)- 
algebra of the rational functions of invertible elements v nj -, n — 1, . . . , N; j — 1, . . . , n and 
Unj, n — 1, . . . , N — 1; j — 1, . . . , n which are subjected to the relations 

^nj^ink V m i t ~V n j , U n jU m / c U m fcU n j , 

(3-8) 

1*113 *mk Q ^mk^-nj ■ 

Theorem 3.1 (i) Let K^, E nm be the generators of U q (Ql(N)). The following explicit 
expressions define the embedding n: U q (Ql(N)) <^-> T q 

n n—1 

TT(-^nn) = II V ^II V n-lJ' 

3=1 3=1 

n+1 

-1 n + l n n 11 ( V nj — 9 V n+l,r) 

7T(E n>n+1 ) =-——— Y[ V'lij Yl V nJ Y nj ""n fv 2 _ V 2 ) U «i ' (3.9) 



n-1 



n-1 



7T(P„+l,n) = — — I JJ V nj JJ V n i ltj ^ V n/ — 



Il(vL--g ^-i, 



(? _ r lll" l Ul--U^'"3 rf( v 2._ v 2) U «J 
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(ii) Let L^ 1 , K^ 1 , E n , F n be the generators ofU q (sl(N)). The following explicit expres- 
sions define the embedding it: U q (sl(N)) •— > T q : 



n N 

vr(L n ) = Yl v nj , [J v Wj - = 1 

3=1 3=1 



m j'=l 



(3.10) 



n+l 



(f 



n+l 



q-q 



n «• 



-3 r=l 



9 v n+l,r 



"J 



j'=i 



n(v 



u 



-i 



2 _ v 2 ] ""J 

nj nsl 



(3.11) 



n— 1 

»-l n II ( V nj ~ 9" lv Ll,r) 



= II V * II V n-U E V * r ' n(v 2 _ V 2 X U ^ • ^ U) 



The algebra T q is very close to the minimal skew field of fractions of U q (Ql(N)) for which 
the inclusion of the universal enveloping algebra is possible. Consider the skew field of 
fractions T>(U q (g)) of U q (g) which consists of the elements of the form u ■ v~ l or x" x ■ y, 
where u,v,x,y G U q (g) (for more details see e.g. [2S])- It appears that the skew field of 
fractions T>(U q (gl(N))) is obtained by partial symmetrization of the algebra T q 

V(U q (gl(N))) = (T q f^ s - (3.13) 

where, for n < N, the g roup Sji cicts cis'. 

a: v nj -> v„ i(j{i) , (3.14a) 

a: u nj -> u n)CT(j) , (3.14b) 

and the group S N acts as: 

o: v Nj -> v^^Q). (3.15) 
This proposition can be considered as a generalization of the Gelfand-Kirillov theorem for 

U(g) |2HI- 



3.3 Uq(o) <S> L^(£j)-bimodule structure 

It turns out that the consideration of the infinite-dimensional representation of various ra- 
tional forms ()3.3|) - (j3.7|) of quantum groups reveals new phenomena. Namely some represen- 
tations of the quantum group U g (g) poses a natural structure of a U q (g) ® 6^(fl)-bimodule 
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where g is Langlands dual to g and \ogq/2ni = —(log q/2m)~ 1 . The key point is the interpre- 
tation of the appropriately defined centralizer of the image of U q (o) in these representations 
in terms of the representation of U q (o)- The presence of the Langlands dual will be verified 
below in the case of U q (sl(N)). It turns out that the centralizer construction leads to the 
connection between various forms of U q (sl(N)). In particular, when we start from the min- 
imal (adjoint) form, we come to what may be called the maximal form over the quadratic 
extension, which is in agreement with the classical picture of the duality between SL(N) 
and PSL(N). 

Let us begin with the construction of a representation of U q (Qi(N)) generalizing the 
representation of U(qI(N)) described in Section 2. Let V be the space of functions of j n j 
with n — 1, . . . , N — 1; 1 < j < n and V s be the space of functions of 7 nj - invariant under 
the action of ^Z^S n according to ()3.14a|) . Let 1Z be the algebra of rational functions of the 
exponents of the linear functions of with n = 1, . . . N; 1 < j < n and d lnj := with 
n = 1, . . . N — 1; 1 < j < n and 1Z S be the algebra of rational functions of the exponents of 
the linear functions of 7„j and d ln . invariant under the action of ®n=\S n according to ()3.14j) . 
(j3.15|) . One has the following embedding g : T q <^-> 1Z 

g(u nj ) = e^ 9 ^ , g(v nj ) = e ^ , g{q) = e . (3-16) 

Using Theorem 13.11 we obtain the representation of U q (gi(N)) in terms of the difference 
operators. By an abuse of notation we shall also denote by g the composition go n. 

Proposition 3.1 The following expressions define a representation of U q (Ql(N)) with q = 

/ n n— 1 \ 

( E 7nj" E 7n-l,jJ 



e "2 



g(K nn ) = e 2 

n+l 



Q(E n ,n+l) ~ . 07TUJ, S — 



Bin 2^i ^ n sinh 22( 7rii - 7ns ) ■ (317) 

n-1 

jp -^-l) n nsinhg(7„i-7n- 1 ,r + i f) 

Q{ + ,n) o • 2tt^i nsinh^f-Y --t ) 

Consider the dual quantum torus TLj using the invertible elements v n j, n = 1,...,N; j = 
1, . . . , n and u n j, n — 1, . . . , N — 1; j — 1, . . . , n subjected to the relations 



^nj ^mk 9 J ^mk ^-nj • 



(3.18) 



One has the dual embedding £ : 7?. 



£?(Uni) = e^ 2 "V* , g(v nj ) = e "i , g(q) =e . (6.13) 
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and the two actions of the torus and its dual on the same space of functions of 7ni mutually 
commute. Hence, we have the following 

Proposition 3.2 The operators 

g{K nn ) = e - ^ 

n+1 

04 p-^Sf^- 1 ) n ft Sinh 5(7nj - 7n+l,r ~ ^f) 

Q{ "' n+lj sin ^ £ n.smhg( 7nj - 7ns ) ' (3.20) 

?V ^f(n-D n n 1 sinhg( 7 „ J -7n-l,r+^) 

Q[n+hn) 2 sin nsinh^( 7n ,- 7ns ) 

generate a representation of the dual quantum group U q (Ql(N)), where q = e~ u i . T/je 
operators g(U q (gl(N))) and g(U q (gl(N))) are commute by construction. 

Thus we have a structure of a L^(0[(iV))®L^(0[(AQ)-bimodule. More precisely, this bimodule 
may be characterized by the condition 

g(K nn ) = g(K nn y r , n = l,..., TV, (3.21) 

where r = Ui/u2- We will discuss the better way to formulate this condition latter in this 
section. 

Let us remark that we actually constructed the embeddings g : U q (gl(N)) <^-> TV and g : 
U q (gl(N)) TV. Consider the centralizer [V(g(U q gl(N)))}' of the algebras V(g(U g gl(N))) 
as a subalgebra of TV . Then we have 

Theorem 3.2 

[V(g(U q gl(N)))}' = V(g(U qQ l(N))). (3.22) 

This Theorem is proved by direct calculation. 

Consider now more interesting case of U q (sl(N)). It appears that the centralizer of the 
minimal (adjoint) rational form of the quantum group U q (sl(N)) is described in terms of the 
different forms of the same quantum group. This may be considered as an indication of the 
fact that the Langlands dual of PSL(N) is SL(N). One may conjecture that the Langlands 
dual quantum group U q (g,) may be generally obtained as a result of explicit calculations 
of the centralizer in the appropriate generalization of the above construction to arbitrary 
quantum groups. 

Below we give the explicit formulas for U q (si(2)). The adjoint rational form of the 
quantum group U®(sl(2)) is generated by elements K, K _1 , E, F subjected to the relations 

KEK~ 1 = q 2 E, KFK~ l = q~~ 2 F , 

K-K-i (3.23) 



EF — FE = 



q-q 1 
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The representation is given by 



q{K) = e "2 , 
2i . 2ir , iuii s . , 2tt 



f?(£) = sinh —(7ii -u--^) sinh — (711 + v - -i) e— 

C^2 



(3.24) 



n( F) = Jui&yu 

6{ ) sin 2m ' 
£>(g) = e "2 . 

This representation is obtained from those of U q (gl(2)) by the restriction 721 = —722 : = v- 
The centralizer in TZ is generated by the algebra of functions of the dual torus T^i/ 2 : 

uv = q 1/2 vu , (3.25) 

where 

iuj 2 a _ _ 2j[211 _ _ 27riq> 2 / Q „x 

£>(u) = e~ 711 , ) = e "i , £>(<?) = e W1 ■ [a. lb) 

The centralizer in 1Z S may be described as an image of the skew field of fractions of the 
following algebra generated by L, E, F, K = L 4 over the quadratic extension C(g x / 2 ): 

LEL~ l = q 1/2 E , LFL- 1 = q~ 1/2 F, 

k -R- 1 



EF-FE 

q-q 



(3.27) 



under the representation 



g(L) = e 



2tt 



711 



g ^ = — 2^ s mh — ( 2 7n -v-—) smh — (2 7 n + 1/ - — ) e * 



sin 2^2 ^i w 2 cV ' 2 ' (3.28) 



Q{ } 2sin2^ • 

This algebra may be considered as a maximal form of Uq{s\{2)) over the quadratic extension 
C(g 1//2 ). Let us stress that the reconstruction of the algebra from its skew field of fractions 
is not unique. Thus, in this example the same centralizer may be interpreted as the image 
of the skew field of fractions of the simply-connected form U? 1/2 (sl(2)): 

g(L) =e «i , 

^) = -^smh-(7ii-,--)smh-(7ii + ,--)e 2 m ^ 

5(F) = - e^ 711 

6 ^> 2sin^ 
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where the operators satisfy the relations: 

LEL~ l = q l/2 E , LFL~ l = q~ l/2 F, 

K-K- 1 ( 3 - 3 °) 

EF -FE 



qi/2 _ q-1/2 



and K = L 2 . Moreover, there is an isomorphism of the algebras T>(U? 1//2 (sl(2))) and 
X'([/? 1 ^ 4 (s[(2))). This allows to reformulate the duality in a more symmetric form. Tak- 
ing p = e mT and p = e~ m l T with r = one gets the duality between algebra U®(sl(2)) and 

Up{si{2)) which leads to the modular double considered in [T3j, Let us stress however 
that the dual quantum deformation parameters enter here in a non-standard way. 

Finally, consider the algebra U q (sl(2)) such that U(U q (sl(2))) = T q := {v = e ^ , u = 

e^iS-rn} w ith q = e^T. Obviously, [V(U^(sl(2)))}' = T q := {v = , u = e iul2d ^ } with 

q = e ^ . In other words, the algebras V(U^(sl(2))) and V{U~ \s\.{2))) with g = e 2nlT and 
o = e~ 27ri / T , r = — centralize each other. 

Clearly to use the centralizers as a way to describe the Langlands dual pairs deserves 
additional structures on the representation space comparing to what was discussed above. 
We are going to consider these matters elsewhere. Let us also remark that the use of the 
continuous powers of the Cartan generators in (|3.21|) is not quite appropriate in our setting. 
A possible solution is to identify instead the actions of the centers of both algebras. It can 
be shown that the center is described in terms of the symmetric polynomials of v N i and thus 
the bimodule structure may be described equivalently as 

^(vjvj) = fKvjvj)^ . (3.31) 

If we consider logv^- as legitimate operators then the relations ()3.3H) make sense. How- 
ever we believe that a proper description of the structure of this bimodule which solves 
this problem should be given in a different way. Let us notice that the description of the 
universal enveloping algebra in terms of the quantum tori has obvious asymmetry. The 
variables are coordinate functions on the commutative sub-torus and thus there is no 
natural definition of the dual torus through the centralizer. Thus it is natural to guess that 
some generalization of the universal enveloping algebra provides the proper setting for the 
discussion of the Langlands duality for quantum groups through the centralizers. The most 
natural candidate is the quantum group analogs A(G q ) of the differential operators on the 
group Diff(G) and on the basic affine space Dif f(G/N). This leads to the interpretation of 
the resulting A{G q ) ® ^4(Gq)-bimodule as an explicit realization of the Morita equivalence of 
the algebras A(G q ) and A(G q ). Preliminary results based on the generalized Gelfand-Zetlin 
representation (see [2*7] ) support this conjecture. We are going to discuss this approach in 
the future. 

3.4 Whittaker modules 

Let us define the special class of the representations of U q (Ql(N)) <g> U q (Ql(N)), generalizing 
the Whittaker module for the classical algebras described in the previous section. The 
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Whittaker vectors for U q (gl(N)) <g> C/g(g[(iV))-bimodule are defined using the generalization 
of the definition in ^5]. 2 



Definition 3.1 The Whittaker vectors w N and w' N are defined by equations 

N 



Cnm c n-\-l,m„.. 

q-q 

m=l 



N 

Xn 



(3.32) 



E n ,n+lW N — — — [ K nn J^J K, 



Cjim Cri-J-l,m 



_ -. XJL '" '■'••>> Wn ' 

^ ^ m=l 



771 / Xn J^—\ T T T^ C nm c n + l,m I 

E n+ i in W N = _ 1 ^ nn _[_[ Amm 

^ ^ m=l 

rp I Xn Z?' - 1 1 T lS Cnm ~ C n+l,m I 

-C / n+l,n"V — — - 7 A m I I i\ m m W N 

q — q 1 J- j. 



(3.33) 



m=l 

where \ \c nm \ |, | |c^ m | | are t/ie N x N symmetric matrices such that c nm — c n+ i jm , c' nm — c' n+lm 
are integers, and Xn, x' n are arbitrary parameters. 

The direct calculations show that the following statement is true: 

Proposition 3.3 The defining equations A3.3fy) . \3. 33\) are consistent with the full set of 
the Serre relations \3. fy) and their dual analogues. 

The results of Section 2 can be naturally extended to the quantum group case. The 
structure of the Whittaker vectors and Whittaker modules remains essentially the same. In 
particular, the Whittaker vectors can be written in a form similar to equations (J2.8j) . (J2.9)) . 
For example, there is a solution to ()3.33|) which is unique up to multiplication by an arbitrary 
double-periodic function: 

N jvr -i n , . , 71 

■El V r 1 h h " -v 2 I 7r("l+"2) d n V -v 

f ^^^2^ c nm a nfim -, — r w , un 2^ lnp~r wn 2^ Inp 



J]V 1W2 *" P "™ & , (3.34) 



n=l 



where 



n-l 



and d n = 2n — c' nn + 2c n _ n+1 — c^ +l n+1 — 1. In the present example x' n = (~ I)* 1 - 

Let us denote by the Whittaker module with the cyclic vector ()3.34|) . It can be 

proved that it is spanned by the symmetric polynomials of the variables e "i , e " 2 
(compare with Section 2.2). The matrix elements of the particular group elements between 
the Whittaker vectors leads to the explicit expressions for the wave functions of the gener- 
alized quantum Toda theories and will considered elsewhere. 

2 For the case of U g (g), where g is an arbitrary simple Lie algebra, the construction of the non-degenerate 
characters of nilpotent subalgebras was done by Sevostyanov [2Hj- However, the appearance of the bimodule 
structure reveals larger symmetry in the representation theory of quantum groups. 
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4 The QISM's eigenfunction via representation theory 



4.1 An infinite dimensional representations of the Yangian 

The aim of this section is to introduce a special type of an infinite dimensional represen- 
tations of the Y(qI(N)). This allows to connect the QISM methods of the solution of the 
integrable system based on the representation theory of Yangian and the solution based on 
the representation discussed in Section 2. 

We start with some well known facts of the Yangian theory [TT], jT2] (see also the recent 
review [29 ). The Yangian Y(qI(N)) is an associative Hopf algebra generated by the elements 
where i, j = 1, . . . , N and r = 0, 1, 2, . . ., subject the following relations. Consider the 
N x N matrix T(A) = ||Tj J (A)||f 7=1 with operator-valued entries 

oo 

T tJ {\) = \5 l3 + Y,T^\-\ (4.1) 

r=0 

Let 



R(X) = I ® / + ihP/X , P lkS = 5 a S kj , (4.2) 

be an N 2 x N 2 numerical matrix (the Yang R- matrix). Then the relations between the 
generators T^- can be written in the standard form 

R(X - /i)(T(A) <g> /)(/ <g> T(/i)) = (I <g> T(//))(T(A) <g> I)R(X - /x) . (4.3) 

The centre of the Yangian is generated by the coefficients of the formal Laurent series (the 
quantum determinant of T(A) in the sense of |4J): 

detgT(A) 

= ^2 si g ns _ iftp[ N) ) ■ ■ .T s ( fc ) )fc (A - ihp[ N) ) . . .T s(jv)iJV (A - ihp^) , i l V} 

seS N 

where pn = ^(N — 2n + 1), n = 1, . . . , N and the summation is over the elements of the 
permutation group S N . Let X(X) = ||^ij(A)||",- =1 be an n x n submatrix of the matrix 
||Tjj(A)||^- =1 . It is obvious from the explicit form of R N (X) that this submatrix satisfies an 
analogue of relations (|4.3|) . The quantum determinant det 9 X(A) is defined similarly to (|4.4|) 
(with the evident change N — > n). 

The following way to describe the Yangian Y(gl(N)) was introduced in jTTj . Let A n (A), 
n = 1, . . . , N, be the quantum determinants of the submatrices, determined by the first n 
rows and columns, and let the operators B„(A), C n (A), n — 1, . . . , N — 1, be the quantum 
determinants of the submatrices with elements Ty(A), where % = 1, . . . ,n; j = 1, . . . ,n — 
1, n + 1 and i = 1, . . . ,n — 1, n + 1; j = 1, . . . , n, respectively. The expansion coefficients 
of A„(A), B n (A), C„(A), n — 1, . . . ,N — 1, with respect to A, together with those of A N (X), 
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generate the algebra Y(qI(N)). The parts of the relations, which we use below, are as follows: 

[A n (A),A m (//)] = ; (n,m = l,...,N), 
[B„(A), B m (/i)] = ; [C n (A),C m (/i)]=0; (m/n±l), 

(4.5) 

(A - /i + ifi)A n (A)B„(/i) = (A-/i)B„(/i)A n (A) +^A„( / u)B n (A), 
(A -/i + ^)A„(/i)C„,(A) = (A -/i)C n (A)A n ( / u) + iftA n (A)C„(/z). 

Let A(jg[(iV)) be the commutative subalgebra of Y(gl(N)) generated by A n (A), n = 
1,...,N. It was proved in |3T] that A(qI(N)) is the maximal commutative subalgebra of 

There is another realization of the Y(q[(N)) introduced by Drinfeld ^2]- The algebra 
Y(q[(N)) is generated by the coefficients of the formal series 

oo 

fc n (A) = A + ^A>)A-<\ 

a=0 

oo 



a=0 



a=0 



subjected to the commutation relations 

[k n (X), k m (fj)] =0, 

e m (A) - e m (//) 



[fcn(A), e m (/i)] = ift((5nm - 5 n ,m+l) fc n (A)- 



X — H 



[A;„(A),/ m (/i)] = - tfi(£ wm - (^n.m+l) — ^^-k n (X), 

X — /i 

r r\w / m • fc ^V)jn+i(M) ~ fcn 1 (^)fcn+i(A) 

[e„(A), / m (/i)J = ih - b nm , (4.7) 

A — fi 

\ P (a+l) (6)1 _ [ (a) (6+1)1 _ ih n (Ja) Jb) , (6) (a)\ 

r f (a+l) f (6)l _ r f (a) f(6+l)l _ ( f(a) f(b) , f (6) f (o)\ 

Ura i Jm \ Yin i Jm J 2 u nm\J n J m * J m J n I i 

[ e n \ [ e n\ e i±l]] + [ e n\ [ e n\ e i±l]] = 5 

L/n^> [/^ j /nil]] + [/n & \ L/n^> /nil]] = 5 

where a nm = 25 nm — <5„ im+ i — 5 n +i,n- The relation between two realization is given by 

k n (\) = An{x 7 ~^~ } , 

1 ; A n _i(A-^) 
e n (X) = A-\X - ^)B n (A - , (4 ' 8) 

/„(A) = C n (A - ^)A„- X (A - ^) . 
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Let us stress that Drinfeld's realization is known for the Y(g), where q be any simple Lie 
algebra [IE]- PS- 

There is a natural epimorphism tt n : Y(gl(N)) — > U(gl(N)) 

n N (Tj k {\)) = XSj k - ihE jk , (j,k = l,...,N). (4.9) 

Denote the images under tt n of the generators A n (A) and B n (A), C n (A) by A n (X) and 
B n (X), C n (X), respectively. Note that the images are the polynomials in A of orders n and 
n — 1, respectively. 

To obtain the representation of the Yangian Y(qI(N)) we start with the construction of 
a natural representation of the Cartan subalgebra generated by k n (X). It can be represented 
by the rational functions as follows: 

n n 

n^(A-^ P i n) )=ri( A -^)' (4.io) 

8=1 j=l 

where = \{n — 2s + 1) and n = 1, . . .,N. Then the operators A(qI(N)) act by the 

n 

polynomials *A n (A) = Y[ (X — J n j)i n — 1, . . . , N. We resolve the rest of the Yangian relations 

and find the explicit expressions for the generators e n (A), / n (A) (and B n (X) and C n (X)) in 
terms of the operators acting on the space of functions depending on the variables 7 n j , j = 
1, . . . , n; n = 1, . . . , N. 



Theorem 4.1 The operators 



n ( A - - 



i(n— l)h\ 



2 

k„(X) 



n-l ' 
n (A - ln-1,3 - ij f) 

i=i 

n+l 

l II {inj - ln+X,r ~ f ) 

l(A)= ^A- 7n ,-^ T 1 n(7n J -7r») 

n-l 

n(7 nj In— l,r T" 2 ) 



(4-11) 



fn{X) 2J . fc i( n -i)K rrr-v . 

;=1 A - 7 n j - m v 2 ; 1 1 \ln 3 - % 



e 7n ^ . 



satisfy the complete set of relations \4- 7| ) and, therefore, define a representation of the Yan- 
gianY(gl(N)). 
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As a consequence we have 

n 

i=i 

n n+1 . ^ 

B ^) = J2Uv^- ri(^-7. + v-y)e-^, (4.12) 

• -, , ■ inj ins -. * 
J=l s^j r=l 



n . n— 1 

^(a) = - e n iK^- - 7,-v + 9 ^ • 

■ -, , . Inj 'fns -, ^ 
j=l s^j J r=l 

Note that we also obtain the representation discussed in Section 2 through the following 
integral formulas which express the generators Eij of the Lie algebra Ql{N) in terms of the 
Yangian generators 

E nn+1 = — / e n (X)dX , (n = 1, . . . , N - 1) , 
Ann J 

E n+1 , n = ^f fn(X)dX , (n = 1, . . . , JV - 1) , (4.13) 

The non-simple root generators are defined recursively as Ejk = [Ej m , E m k] for j < m < k 
and j > m > k. Here, the integrands are understood as Laurent series and the contours of 
integrations are taken around oo. 

Let us finally remark, that there is a direct generalization of the Yangian to the case of 
quantum group jHO] and it is possible extend the results of this section to the quantum group 
case. 



4.2 The Toda chains and i?-matrix formalism 

The quantum Toda chain is one of the popular examples of integrable system. It is described 
by the Hamiltonian 

N 2 

^ = E(-+ e " +1 )' ( 414 ) 

71=1 

where [x n ,p m ] = iM nm . There are two different ways to fix the boundary conditions: The 
choice of x N+ i = oo corresponds to the open (GL(N)) Toda chain; while the choice of 
Xn+i = %i corresponds to the periodic (affine) Toda chain. 

The open and periodic Toda chains can be described, uniformly, by using the R— matrix 
formalism Introduce the Lax operators 

f X-p n e~ x " \ 
L n (X) = , n=l,...,N, (4.15) 

V -e Xn J 
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satisfying the following commutation relations 

R{X - n){L n {\)) ® ® L m (ji)) = (I ® L m (/i))(L n (A) ® I)R(X - fi)5 nm , (4.16) 
with the rational 4x4 i?-matrix 



fl(A)=/®J + ^P. (4.17) 
A 



The monodromy matrix 



(4.20) 



, A„(A) B„(A) \ 
T N (X)=L N (X)...L 1 (X):= [ (4.18) 

satisfies the equation 

R(X - /i)(T(A) ® /)(/ ® T(//)) = (/ ® r(//))(T(A) ® J)-R(A - /x) . (4.19) 
In particular, the following commutation relations hold: 

[A N (X),A N (fi)] = [C N (\),CM] = 0, 
(A- fx + ih)A N (fi)C N (X) = (A- fx)C N (X)A N (fj) + ihA N (X)C N (fi) . 
From (|4.19|) it can be easily shown that the trace of the monodromy matrix 

t N (X) = A N (X) + D N (X) (4.21) 

satisfies [F(A),i(/i)] = and is a generating function for the Hamiltonians of the periodic 
To da chain: 

N 

^v(A) = ^(-l) fe A 7V -^. (4.22) 

k=0 

We formulate the spectral problems for periodic Toda chain as follows: 

t lf (\)* E = t ir (\;E)# E , (4.23) 

where 

JV 

t N (X;E) = ^(-l) k X N - k E k . (4.24) 

fc=0 

On the other hand, the operator 

TV 

A N (X) := £(-1) (4.25) 

fc=0 

is a generating function of the Hamiltonians hk of the N particles open Toda chain. The 
generating functions for the open Toda chains are connected by the recursive relations: 

A N (X) = (A - p N )A N ^(X) + e-^C N ^(X) , 

(4.26) 

Cat (A) = —e XN A N -i(X) . 
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4.3 The spectral problem for the open Toda chain 

The main goal of this subsection is to apply the results from the section 2, to solution of the 
spectral problem of the open Toda chain. 

Denote x = (x±, . . . , x N ). To solve the spectral problem we should find the common 
eigenfunction of the system of differential-difference equations: 

A N (X)ip~ fN (x) = TT(A - 7ivm) i>i N {x) , 

m=i (4-27) 

A N ^( lNJ )^ N (x) = i^ N e-^e- im ^^ N {x) , 

j — 1, . . . , N. It is worth mentioning that the system (J4.27)) is the quantum counterpart of 
the Flashka and McLaughlin (33] Darboux transform to separated variables (p,x) — > (7, 9). 
For the first time the system (j4.27|) was introduced and solved in the framework of QISM 
(|22p. Below we describe the representation theory solution of the system ()4.27|) . 

Let W and W be the dual irreducible Whittaker modules and w' N G W, w N G W be 
the corresponding cyclic Whittaker vectors. The representation of the Cartan subalgebra is 
integrated to the action of the Cartan torus, so the following function is well defined 

N 

-sb-oW / / ~ £ XkEkk \ (4.28) 



where x ■ pM is the standard product in 



Definition 4.1 The radial projections A n (X) of the generation functions A n (X) of 
the central elements ofU(gl(N)) are defined by 



a aw -x-pW/ / - E x kE kk i(N-n)h\ v (4.29) 

^n(A)^ 7jvl ,..., 7jViV = e p (w NJ e fc=i An(X- 2 )w N ). y 1 



There is the relation between the operators A n (X) of different levels: 

A n {X) = {X-p n )A n ^(X) - e x ^- x -A n _ 2 (X) , (4.30) 

where n — 1, . . . , N and A_i = 0, Aq = 1. Therefore the A n (X) is the generation function of 
the Hamiltonians of the n - particles open Toda chain. 

The following theorem identifies our construction of the matrix element (|4.28j) with the 
integral formula for the eigenfunction of the open Toda chain in terms of the Mellin-Barnes 
integrals |22j. 

Theorem 4.2 The matrix element J^-iffi ) satisfies the set of equations \J^.21 ). 

It remains to express the matrix element ()4.28|) in the integral form. Substituting the 
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expressions fl2~£J) . (|2~THl . and (jQaj) into flOSj), we obtain 



ft ff ft 22 *^^ r?*^ + 1) - (4 . 31) 

TT kJ ^ 2 TT , 

11 TT | r / 7n 3 -7np N| 2 11 ' J ' 

iv(jv-i) n=1 11 I 1 I »n /| n=l 

R 2 s<p j<n 

where by definition 7 nj - = for j > n. 

In the study of the analytic properties of this solution with respect to 7^, it is useful to 
transform ()4.31j) . Let us change the variables of integration in (|4.31j) : 

'ft - 

ln 3 - lm -E P { s\ (n = 1, . . . , iV - 1) . (4.32) 

8=1 

AT(iV — 1) 

After the change of variables (|4.32|) we shift the domain of integration R 2 to the complex 
plane in such a way that the domain of integration over the variables J n -i,j hes above the 
domain of integration over the variables j n j. Thus, we arrive at the analytic continuation 
equal to: 



N-i n n n—^- v c* jr i>ro ) A g (7 _ 7 x . )Xn ^ (4 . 3 3) 

11 TT r / 7 n a -7np \ C 1 1 "™ ' 

,, n=l 11 1 V ih > n =l 

L *7^P j<n 

where the domain of integration C is defined by the conditions 

min{Im7 fcj } > max{Im7 fc+lim } 

J m 

for all /c = 1, . . . , N—l. The integral ()4.33|) converges absolutely. Thus, we obtain the integral 
representation [22] for the eigenfunction of open Toda chain by purely representation theory 
methods. 

Finally, let us note that the Gelfand-Zetlin type representation may be generalized to the 
case of the Y(g), with q being an arbitrary simple Lie algebra. This provides the uniform 
approach to the solution of the various integrable systems based on various (quantum) Lie 
groups. We are planning to discuss these results elsewhere. 
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